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S propulsive noise has been systematically decreased -

for aircraft, the noise of the airframe itself has become of
some concern, particularly for large aircraft with flaps,
spoilers, landing gear, etc., deployed during landing ap-
proach.!* A number of purely fluid mechanical mechanisms
for airframe noise have been considered. Here we consider, in
a simplified fashion, the possibility of far field sound
radiation due to vibrating structural panels, which themselves
are excited by a near field (random) sound source such as a
turbulent boundary layer or separated flows due to flap or
spoiler deployment.

The two parts of the problem: 1) excitation of panels by
random (near field) pressures; and 2) far field radiation due to
vibrating panels, have been extensively studied. For our pur-
poses we shall use for part 1) the simple, single structural
mode approximation with a wuniform spatial pressure
distribution as given by Miles. > For part 2) we use the well-

- known results for radiation from a planar piston, as described
by Morse and Ingard.” For simplicity, panel curvature is
neglected. ;

In Miles” model, it is assumed that the structural response is
dominated by a single mode and hence

w=g()¥(x,y)

where w= panel displacement, g =generalized coordinate, ¥
=mode shape.
From Miles’ model, it is determined that>$

@’ = (/) (2, (wn) /Moy’ EnT [[] Ydxdy)? 0))

where M= [p,#{{¥?dxdy] is the generalized mass, wy =model
natural frequency, {y=modal damping, ®,(wy) =power
spectra of near field for w=wy, p, =panel density, and ¢
=panel thickness. It is assumed that the panel is- lightly
damped and hence the reponse is dominated by the panel
resonant response near w=wy.

From Ref. 7, the far field pressure, p £, at a distance r per-
pendicular to the panel surface is given (for a sinusoidally
oscillating surface) by

pr=(iwp/27r) V explivt=r/c)] ?)

where p=fluid density and V'=fluid volume rate of change
due to panel motion = [{{¢¥dxdy] (iwg) for our problem.
Combining Egs. (2) and (1), assuming the dominate response
is still near w=wy, and using the concept of a transfer func-
tion, one obtains

pr=12,(wy)on/in] (pablp,tr)2K 3)
where ‘
= —7r‘ g _d;y__ 4 2ix, EZ‘ 2
K= — a7 v 1 = 5]

From Eq. (3) we see that large (a), thin (¢), light (o,) panels
with small damping ({y) are the most efficient radiators of
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sound. For a clamped rectangular plate of length ¢ and width
b, we take

y={1—cos2wx/al [1—cos 2ny/b]

and thus K=(81 )~ !.

Consider the following numerical example of an aluminum
panel with E=107 psi, p, =0.11b/in.3, =24in, b=18in., ¢
=0.05in., and {, =0.01. Hence wy =37 cps and from Ref. 8§,
Fig. 12 (which provides a representative turbulent boundary-
layer pressure spectra), ¢ /—0 00305 psi%/cps. Also, for sea-
level conditions, pa/p,t= 0 21. Flnally assume b/r=0.005.
Then [p?]" =97 db.

This is strikingly high sound level (although at a rather low
frequency); however, it is only intended as an illustration of
how to use the suggested method. Clearly, the sound level
may be higher or lower, depending on the parameter values
chosen. The ones selected here are thought to be represen-
tative.

More importantly, there are simplifications in the model
which may be untenable under some circumstances.

1) We have assumed the near field pressure is spatially
uniform. A simiple approximate correction can be made® by
multiplying the far field pressure with the following factor

4L L ,fiy?dxdy. ]
[[§¥dxdy]?

where L,, L, are correlation lengths in the x,y directions (L,
<a, L,<b). For our assumed ¢ and taking L,a=L,b
=0.01, the sound level would be reduced by 10 db. ‘

2) The radiation of sound to the far field provides ad-
ditional damping to the panel and will reduce thereby the far
field pressure. For the low velocities associated with landing
aircraft this should not be substantial, but there are methods
of various sophistication which allow one to compute an
equivalent . 1012

3) The behavior at large frequency would require more at-
tention if the panel damping is not sufficiently small. Note
that 1) the transfer function relating p  to w is proportional to
w? 2) the transfer function relating w to the near field
pressure is proportional to w—* for large w and hence, 3) the
total transfer function approaches a constant for large w.
Thus ¢, must decrease with frequency more rapidly than o~/
for large frequency to obtain a finite far field pressure. The
more rapidly the better for the present simplified analysis, of
course.

Finally, it is noted that there is no difficulty, in principle, in
extending the analysis to include 1) many structural modes
and 2) radiation damping for the panel. Indeed Davies'? and
Aupperle and Lambert '4 have made substantial contributions
in this area. The purpose of the present note is to suggest that
it is desirable to develop such an analysis systematically and
apply it to airframe noise estimation.

For example, if one extends the present analysis to many
modes, one simply replaces Eq. (1) (assuming small damping
in any one mode) by

an’= 5 L

m

®(wn)

m iy ,dxdy]? O]

where m is the modal subscript and Eq. (3) becomes

} pab 2 ® (w,)0,K,
P o ; Cm ©
where
L a & ., L& dy o,
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Equation (5) may be a near optimum compromise between
accuracy and simplicity with the estimation of damping ¢, the
critical factor in most applications, 1012

There are other effects which could be included in a more
refined analysis. For example, the motion of the panel may
change the near field turbulent-flow pressure fluctuations
which excite the panel. However, the effect is likely to be
small under most circumstances and, in any event, our present
meager knowledge does not justify its inclusion in a simplified
analysis.

References

. 'Morgan, H. G. and Hardin, J. C., “Airframe Noise—The Next
Aircraft Noise Barrier,” AIAA Paper 74-949, Los Angeles, Calif.,
1974.

2Hayden, R. E., Kadman, Y., Africk, S., and Bliss, D. B.,
“Diagnostic Calculations of Airframe Noise,”” AIAA Paper 75-485,
Hampton, Va., 1975.

3Fethney, P., “An Experimental Study of Airframe Self-Noise,”
AIAA Paper 75-511, Hampton, Va., 1975.

4Revell, J. D., Healy, G. J., and Gibson, J. S., “Methods for the
Prediction of Airframe Aerodynamic Noise,”” AIAA Paper 75-539,
Hampton, Va., 1975. )

SMiles, J. W., “On Structural Fatigue under Random Loading,’’
Journal of Aeronautical Science, Vol. 21, Nov. 1954, pp. 753-762.

6Clarkson; B. L., “Stresses in Skin Panels Subjected to Random
Acoustic Loading,”” TR 67-199, June 1967, Air Force Materials Lab.,
Wright-Patterson Air Force Base, Ohio.

"Morse, P. M. and Ingard, K. U., Theoretical Acoustics, McGraw-
Hill, New York, 1968.

8Mubhlstein, Jr., L., Gaspers, Jr., P. A., and Riddle, D. W., “An
Experimental Study of the Influence of the Turbulent Boundary Layer
on Panel Flutter,”” NASA TN D-4486, March 1968.

9Dowell, E. H. and Vaicaitis, R., ‘““A Primer for Structural
Response to Random Pressure Fluctuations,”” AMS Rept. 1220, April
1975, Princeton University, Princeton, N.J. .

10Mixson, J. S. and Koval, L. R., “On the Interaction of a
Vibrating Plate with an Acoustic Medium,”’ 87th Meeting of the
Acoustical Society of America, New York, April 23-26, 1974.

yen, D., Maestrello, L., and Padula, S., “On an Integro-
Differential Equation Model for the Study of the Response on an
Acoustically Coupled Panel,”’ AIAA Paper 75-508, Hampton, Va.,
1975.

2Dowell, E. H., “Aerodynamic Boundary-Layer Effects on Flut-
ter and Damping of Plates,”’ Journal of Aircraft, Vol. 10, Dec. 1973,
pp. 734-738.

BDavies, H. G., “‘Sound from Turbulent-Boundary-Layer Excited
Panels,”” Journal of the Acoutical Society of America, Vol. 49, (Pt.
2), March 1971, pp. 878-889. =

14 Aupperle, F. A. and Lambert, R. F., “Acoustic Radiation from
Plates Excited by Flow Noise,”” Journal of Sound and Vibration, Vol.
26, Jan. 1973, pp. 223-245.

" Practical Aspect of the
Generalized Inverse of a Matrix

Hermann J. Hassig*
Lockheed-California Company, Burbank, Calif.

HE rules of matrix algebra make it possible to write

m equations with n unknowns x in the form of a matrix
equation

[A]m,n{x}nJ:{y}m,] (l)
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In the following discussion it is assumed that the equations
represented by Eq. (1) are linearly independent. If m =n there
is a unique solution for {x} in terms of the right-hand side
{y

{x}=[4]1""{»} @

The solution for {x} is not affected by multiplication of any
equation in Eq. (1) by a finite nonzero number.

If m>n there are more equations than unknowns: the
problem is over determined. In the so-called least-squares ap-
proach, a unique solution can be found by minimizing

m
Y e
i=1

where ¢ is an “‘error,”’ the difference between the left-hand
and right-hand sides of each individual equation in Eq. (1)

{e}m,lz[A]m,n {x}n,l—{y}m,l (3)

The solution is given by

s =AT) (A n ] T MAT Y Dy @)

where [A7] is the transpose of [A4].

For a given matrix [A4], Eq. (4) defines a unique solution
for {x}. The solution, however, is affected by multiplying one
or more of the equations in Eq. (1) by arbitrary numbers.

The preceding formulations are in general use and well un-
derstood. The purpose of this Note is to add to the un-
derstanding of the case that m <n. That is the case with fewer
equations than unknowns: the problem is underdetermined.

From the general theory of equations it is known that if m
<n, Eq. (1), does not lead to a unique solution {x}. In fact,
an infinite number of solutions {x] are possible. To make it
possible to define a unique solution {x} (n—m) equations
must be added to Eq. (1), or, equivalently, some constraints
must be put on the relation between the elements of {x}.

In the literature, a generalized inverse of [A4],,, (m<n) is
given the notation [A4] . Parallelling Eq. (2) it defines {x}
in terms of { y} as follows

{x}nJ:[A]rtm {y}m,l (5)

An expression for [4] * can be found in many places in the
literature.'® This author, however, has failed to find a
specific reference to the additional constraints on the elements
of {x} that make it possible to determine a unique matrix
fAl+. .

In the following derivation it is shown that an expression
for [A] * identical to the one found in the literature is found
if the following constraint on {x} is applied

{x}pr=ogta, ) toastay), +oagtagl,, (6)

where {a,}, {a,},...{a,,] are the transposes of the m rows of
[A] .- Equation (6) can be written as

(x},, =147, mla) @)
Substituting Eq. (7) into Eq. (1) leads to

(AT mn (A7) b =3} @®)

Thus, Eq. (1) with 7 unknowns x has been transformed into
Eq. (8) which contains m equations with » unknowns o.
Solving Eq. (8) for { o} gives

(&) =LAl mn (AT ] Y s ©)
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